Statistical continuum theory based approaches are commonly used for the computation of the effective properties of heterogeneous materials. Statistical distribution and morphology of the microstructure are represented by n-point probability function. One-point probability function statistical representation of the microstructure leads to volume fraction dependent homogenization. However, second and higher order probability functions include the information of phase distribution and morphology. Most statistical based homogenization methods are limited to two-point probability function due to the lack of simple approximation of higher order probability functions that can be easily exploited. In this paper, a new approximation of the three-point probability function is proposed and discussed. The new approximation results are compared to existing approximations from the literature and to the real probability functions calculated from a computer generated two-phase micrographs.
Introduction
The statistical continuum theory for predicting physical properties of heterogeneous materials is based on probability functions, which correlate the microstructure of the materials to their macroscopic effective physical properties. The statistical n-point probability function provides a mathematical representation of distribution and morphology of phases in heterogeneous materials. The lowest order probability function is the one-point probability function, which represents the phase volume fraction that is commonly used in classical homogenization methods to capture the material's heterogeneity. To take into account the material's heterogeneous morphology, it is necessary to incorporate higher order probability functions.
Different statistical continuum approaches (weak-contrast and strong-contrast) have been developed to account for the material heterogeneity through probability functions (Kröner, 1986; Beran, 1968; Phan-Thien and Milton, 1982; Dederichs and Zeller, 1973; Willis, 1981; McCoy, 1979; Brown, 1955; Torquato, 1985 Torquato, , 1997 Torquato, , 2002 Sen and Torquato, 1989; Fullwood et al., 2008; Mikdam et al., 2009) . Relationships between local and global properties in two-phase materials are achieved through exact perturbation expansions for both conductivity (Beran, 1968; Phan-Thien and Milton, 1982) and elastic moduli (Beran, 1968; Dederichs and Zeller, 1973; Willis, 1981) . However, these expansions, which have been termed ''weak-contrast", are valid only when the properties of the two phases are nearly the same and their convergence depends on the degree of the contrast among the properties of the phases. A strong-contrast expansion for two-phase isotropic media is developed by Brown (1955) for the effective conductivity that resulted in convergent integrals. This expansion is then expanded by Torquato (1985) for isotropic media in any space dimension d. Sen and Torquato (1989) developed strong-contrast expansion for the effective conductivity of anisotropic media in any space dimension d, which was later utilized by Torquato (1997 Torquato ( , 2002 for the effective elasticity of macroscopically anisotropic two-phase media in any dimension d. A strong-contrast homogenization formulation for multiphase anisotropic materials is developed by Fullwood et al. (2008) using a spectral framework.
Statistical mechanics model not only correlates the morphology of the microstructures to physical properties of heterogeneous materials; it can also predict the microstructures from the properties inversely. Based on first order homogenization relations (bounding relations), Adams et al. (2001 Adams et al. ( , 2004 , Kalidindi et al. (2004) and Li et al. (2005) developed a framework to flow material information from mechanical designers to materials scientists, called ''Microstructure Sensitive Design (MSD)". This methodology was later extended to include higher order correlations for materials design and processing optimization (Saheli et al., 2004) .
Although almost all design based statistical continuum theory methods recalled above can be used to guide processing of heterogeneous materials to achieve desired physical properties, these methods still show limitations because they are based only on two-point probability functions. In fact, two-point probability functions give only the probability to find two points in two given positions separated by a given distance. Therefore the design of heterogeneous material from only two-point probability functions can result in several microstructure cases. To reduce the number of realizations a higher order probability function is needed. To overcome this limitation a new approximation for the three-point probability functions is developed and validated on a real three-point probability function measured from a computer generated microstructure. In our previous work (Mikdam et al., 2009) , an approximation of three-point probability functions, where three random points are located in the same phase, is developed and used to calculate the effective conductivity of two-phase materials. The proposed three-point probability function decomposition formulations satisfy the normalization relations proposed by Torquato (2002) . In the present work, we extended the three-point probability functions to account for the case where three random points are located in different phases. Our new approximation is found to be in good agreement with real three-point probability function.
n-Point probability function
Physical properties of heterogeneous materials depend strongly on morphology, distribution and orientation of their constituents. The effective properties of these heterogeneous materials can be calculated using statistical homogenization method which takes into account correctly spatial distribution, shape and morphology of each constituent. To this aim the material's local microstructure information and heterogeneities are described by n-point probability function. For instance, in a material composed of two phases, one-point probability function, P i 1 ðxÞ, is simply the volume fraction, / i , of each phase (i).
The one-point probability function counts the volume fraction of each phase, but ignores the local structure morphology.
Two-point probability function
More detailed morphological description of the material's microstructure is possible by using higher order probability functions. Considering two points x and x 0 randomly placed in a two-phase material, the two-point probability function to find the point x in the phase (i) and the point x 0 in the phase (j) can be defined as follows:
For a two-phase composite, the two-point function results into four probabilities. When x shifts close to x 0 , the two-point probability function becomes equivalent to the volume fraction (one-point probability function) of the phase where the two points are located. Therefore the two-point probability function, in case where xx 0 ! 0, becomes:
Further, when xx 0 ! 1, the two-point probability function approaches to:
The real two-point probability functions give information on the distribution of phases and the local anisotropy. For instance, in two phase materials if the distribution of the two phases is not homogenous throughout the two phase material, then Eq. (4) will not be satisfied. Further, if the two-phase material presents a local anisotropy then the two-point probability functions measured in different directions will not result in the same probabilities. The two-phase material represented in Fig. 1 is used to illustrate the properties of two-point probability functions. The white part in Fig. 1 is considered as phase 1 with a volume fraction / 1 ¼ 0:1 and the black part is phase 2 with a volume fraction / 2 ¼ 0:9. Fig. 2 shows the probability functions of phase 1 in two different directions, horizontal (w = 90°) and vertical (w = 0°). From Fig. 2 we can conclude that the two-phase material presents a slight anisotropy between the horizontal and the vertical directions, and the distribution of the phases is homogenous. The microstructure represented in Fig. 1 will be used in the following sections to illustrate the properties of the three-point probability functions.
Three-point probability function
In case of two-phase materials, the three-point probability function P i;j;k 3
x; x 0 ; x 00 ð Þmeasures the probability to find points x, x 0 and x 00 , respectively, in phases i, j and k, where i, j, k = 1, 2. A schematic representation of the vectors xx 0 ; xx 00 and x 0 x 00 is illustrated in Fig. 3 . Several simple analytical approximations for the threepoint probability function were reported in the literature. Adams et al. (1989) proposed an approximation of the three-point probability function, P i;i;i 3
x; x 0 ; x 00 ð Þ , to find the three random points (x, x 0 , x 00 ) in the phase (i), using the two-point probability function:
Garmestani et al. (2001) proposed another approximation for the three-point probability function also using two-point probability function. It is defined as in the following:
where xx 00 and x 0 x 00 are distances, respectively, between x and x 00 , x 0 and x 00 (see Fig. 3 ). These two approximations do not satisfy all the normalization relations proposed by Torquato (2002) 
Note that, all the permutations are possible between xx 0 ; xx 00 and x 0 x 00 . Based on the two previous approximations (Eqs. (5) and (6)), we propose a new approximation for two-phase materials that satisfies the limits described in Eqs. (7)- (10): 
The new three-point probability function, P i;i;i 3 x; x 0 ; x 00 ð Þ , becomes a two-point probability function once the position of one point shifts towards one of the two remaining points. For instance when xx 0 ! 0 (see Fig. 3 ), the three-point probability function P i;i;i 3 x; x 0 ; x 00 ð Þbe-comes a two-point probability function (i.e. P i;i;i 3
x; x 0 ; x 00 ð Þ% P ii 2 x; x 00 ð Þ) and satisfies the limits given in Eqs. (7) and (8). The two-phase material represented in Fig. 1 is used to illustrate the three-point probability function limits. Here we will give only the limit where xx 0 is fixed and xx 00 goes to infinity (Eq. (9)) since a complete study of the three-point probability functions limits is given in a previous work (Mikdam et al., 2009 ) for different microstructure. Fig. 4 reports the new approximation of P 1;1;1 3
x; x 0 ; x 00 ð Þin case where xx 0 ¼ 3 together with both approximations from Adams et al. (1989) and Garmestani et al. (2001) . When xx 00 goes to infinity P 1;1;1 3
x; x 0 ; x 00 ð Þsatisfy the limit given in Eq. (9). While when xx 00 goes to zero P 1;1;1 3
x; x 0 ; x 00 ð Þ becomes equal to P 1;1 2
x; x 0 ð Þ with (w = 90°), which is given in Fig. 2 .
Eq. (11) defines a three-point probability function where the three random points (x, x 0 , x 00 ) are located in the same phase (i). In general, the three random points (x, x 0 , x 00 ) may be located inside different phases. The new approximation for the three-point probability function can be defined as follows: 
There are only two configurations for the location of the three random points in a two-phase material. The first configuration defines the case where the three points are all located in the same phase. In this case, Eq. (12) turns into Eq. (11). The second configuration defines the case where two points are located in the same phase and the third point is in the remaining phase. In this case, the threepoint probability function is defined by Eq. (12), where the two points (x 0 , x 00 ) are located in the same phase (j = k) and the point (x) is located in the phase (i). Note that all permutations are possible between the phases: i, j and k.
Comparison of the new approximation to the real three-point probability function
In Section 2, we showed that our new approximation of the three-point probability function satisfy the limits given by Torquato (2002) defined in Eqs. (7)-(10). In this section, our new approximation will be compared to a real three-point probability function. The microstructure given in Fig. 1 is used to validate the new approximation of the three-point probability function defined in Eqs. (11) and (12). The phase 1 is the white part with a volume fraction / 1 ¼ 0:1 and the phase 2 is the black part with a volume fraction / 2 ¼ 0:9. The real three-point probability function is calculated from the 2D microstructure in Fig. 1 , for a specific geometrical location of the three points (x, x 0 , x 00 ): the three points are in the same plan (i.e. h 1 ¼ h 2 ) with an angle of 45°between the vectors xx 0 ! and xx 00 ! (i.e. w 1 ¼ 90 and w 2 ¼ 45 ). Fig. 5 shows the approximated three-point probability function compared to the real ones in case where xx 0 ! 0. The three-point probability x; x 0 ; x 00 ð Þ , which measure the probability to find points x and x 0 in the phase 1 and x 00 in phase 2, becomes a two-point probability function P x; x 0 ; x 00 ð Þthe shift of x 0 (located in phase 1) towards x (located in phase 2) leads to an unrealistic geometrical configuration (i.e. P 2;1;2 3
x; x 0 ; x 00 ð Þ¼0), which is the coexistence of the two phases in the same position. Fig. 6 reports the approximated three-point probability function compared to the real ones in case where xx 0 is fixed xx 0 ¼ 3 À Á and a good agreement is found. Further P 1;1;1 3
x; x 0 ; x 00 ð Þsatisfy the limit given in Eq. (9) once xx 00 goes to infinity. Regarding P 1;1;2 3
x; x 0 ; x 00 ð Þ , as the point x is located in the phase 1 and x 00 is located in the phase 2 then when xx 00 ! 0 the probability P x; x 0 ; x 00 ð Þmeasures the probability to find x and x 00 in the phase 2 and x 0 in the phase 1. Therefore, once xx 00 ! 0; P x; x 0 ; x 00 ð Þbecomes zero when the point x shifts towards the point x 00 because the two phases cannot co-exist in the same position. By analogy to the limit given in Eq. (10), when xx 00 ! 1 the three-point probability P 
Conclusions
A new approximation of the three-point probability function is developed based on two-point probability function. The two-point probability function used in our new approximation of the threepoint probability function is calculated from a computer generated microstructure. The new approximation is found to satisfy the limits given by Torquato (2002) . The real three-point probability function is measured from the same micrograph. A good agreement is found in both the approximated and measured three-point probability function.
